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Introduction

THE thrust of a rocket is produced by the high-speed
discharge of gases to the rear of the rocket. In effect, the

rearward linear momentum of the rocket gases is balanced by
an increased forward momentum of the rocket. In the case of
a rocket with pitching and yawing motion, these gases also
possess angular momentum in pitch and yaw and a careful
dynamics analysis shows a damping of the pitching and
yawing motion associated with this gaseous angular
momentum. This pitch jet damping is usually fairly small. For
small rocket-assisted projectiles (RAP's), it is completely
negligible.

A spinning RAP, however, ejects gases with spin angular
momentum and the effect of this lost angular momentum
should be considered. In this Note an expression for the spin
jet damping of a rocket is derived and the size of this effect is
computed for two RAP's: the 155 mm M549 and the 8-in.
M650. The predicted change in spin will then be compared
with actual flight measurements made by sunsondes with
onboard telemetry transmitters.1>2

Theory
We will use the usual nonrolling aeroballistic x, y, z axes

with the x axis along the rocket's axis of symmetry and the z
axis selected to be initially downward-pointing. If the angular
velocity of the rocket is (p, q, f), the angular velocity of the
coordinate system is (0, q , f ) . The usual angular momentum
theorem states that the derivative of the angular momentum
of a constant-mass system is equal to the sum of the external
moments. If the angular momentum has components
(Hx,Hf,Hz), the standard vector calculus yields

(Hx,H;,Hf) + (f t&r) X (HX,H9,H£) = (Mx,Mf,Mg) (1)

We will assume that the x axis of the rocket is a normal axis
of inertia and the transverse moments of inertia, /,, are equal.
We will further assume that the rocket grain burns sym-
metrically so that the mass symmetry is preserved. At time t0
the rocket has a mass m and an angular momentum

H=(IxpJtqJtf) (2)

At time t0 + At the rocket has a mass m + Am (Am is negative)
and a mass of gas, - Am, has been ejected from the nozzle. In
order to use Eq. (1) for a constant-mass system, we must
determine the angular momentum of the rocket plus ejected
gas at t + At and from that compute (HxtHy,H^).

The ejected gas has the shape of a disk with the radius Rn of
the rocket nozzle and a thickness UjAt. Its angular momentum
by definition is

(3)

where PJ is the average jet density, and Rj and Vj are the
position and velocity vectors of the jet gas in this disk:

Rj= (x,Rcose,RsinO) (4)
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The transverse motion of the exhaust gases is assumed to be
the sum of the pitching motion of the nozzle and a
rotationally symmetric circumferential motion due to
projectile spin:

Vj = r~Xn-pRJ(R)smO

Wj = -qXn+pRJ(R)cose

(5a)

(5b)

where Xn is the distance from the rocket's center of mass to
the nozzle exit and where

f(0)=0

Equations (5) allow the angular momentum of the gas emitted
in the time interval At to be written in a very simple form:

where

hj = (R2
nFp,X2

nq,X2
nr) (-Am) (6)

R2f(R)dR

Equation (6) can be used to obtain the angular momentum
of the system at time t + At:

(p + Ap)-(R2
nFAm)p (7a)

(7b)

(7c)

Equations (7) can be simplified by Eq. (2), divided by At,
and the limit taken as At-~Q to yield the derivatives of the
angular momentum components. Then Eq. (1) becomes

p = Jpp+Mx (8)

(9)

where

= mR2
nF-Ix J=mX2

n-tt

Discussion
Jq is the derivative of the change in pitch moment of inertia

of the propellant gases and is negative. Thus, this term damps
the pitching motion, producing the well-known pitch jet
damping effect. As we shall see, for small RAP's the pitch jet
damping moment is much smaller than the aerodynamic
damping moment and has no measurable effect on the
pitching motion.

If we assume that the radial variation in circumferential
velocity Js linear like that of a spinning rigid body, then
f ( R ) =R and F= VL. For this case, Jp is the derivative of the
change in spin moment of inertia of the propellant gases.
Since Jp is positive, this term represents a spin jet wwdamping.
Since it is unreasonable to expect the spin angular momentum
of the emitted gases to drop to the low value associated with
f(R)=R, this value yields a maximum value of Jp and
we would expect the actual value to be less:

17 p / max (10)

where

The aerodynamic moment contains a spin damping term in
p and a pitch damping term in q + if. In order to compare the
aerodynamic terms with the jet damping terms, we will
nondimensionalize the jet damping moments in the same way
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Table 1 Parameters for two rocket-assisted projectiles

155mmM549 8-in. M650

Burn-time, s
m, kg/s
Ix , kg-m 2 /s
/;,kg-m2/s

Xn, m
K, m/s

c" +c
(C/ )max "c'/

2.68
-1.12
-0.00285
-0.0379

0.0222
0.326

481
-0.011

-13.2
0.019

-0.61

2.95
-1.86
-0.00714
-0.0803

0.0317
0.365
603

-0.011
-11.9

0.012
-0.34
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Fig. 1 Measured spin histories for two rocket-assisted projectiles
showing the percentage spinup during burning.

that the aerodynamic moments are nondimensionalized3:

J='/2PVS12C, (11)

In Table 1, the average values of Ix,It,m and other ap-
propriate parameters are given for two rocket-assisted
projectiles, the 155 mm M549 and the 8-in. M650. According
to this table, the pitch jet damping coefficient is much smaller
than the aerodynamic pitch damping coefficient and can be
neglected, but the spin jet damping coefficient is the same size
as the aerodynamic spin damping coefficient. We would
therefore expect the spin to be affected by this term during
burning.

Another way to estimate the effect of the spin jet damping
is to consider Eq. (8) for no aerodynamic moment:

p/p=-ey(Ix/Ix) (12)

where

7 can be computed from the table and is 0.90 and 0.87 for the
M549 and M650, respectively. Thus the percentage change in
spin during burning can be approximately related to the
percentage change in the spin moment of inertia:

Ap
P

0.046e
.033e

(M549)
(M650) (13)

Experimental Results
Recently yawsonde data have been obtained4'5 for the spin

during burning of both the M549 and the M650. Sample spin

histories for each RAP are given in Fig. 1. The spin curve
before burning was extended through burning and the per-
centage change in spin during burning was determined. It was
1.9% for the M549 and 1.7% for the M650. These values
correspond to e values of 0.41 and 0.52, respectively.

Conclusions
1) A theoretical model for spin jet damping has been

derived which predicts a percentage increase in spin
proportional to the percentage decrease in the spin moment of
inertia.

2) Experimental results show approximately 2% increase in
spin, which is about half the predicted maximum increase.
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INVERSION of complex matrices is required for the
Introduction

I I
solution of many problems. One approach to the inversion

problem is simply to use complex arithmetic with a standard
inversion algorithm. Another approach is to use various
identities to transform the problem into one which requires
only real arithmetic. The latter approach is usually not as
efficient as the first with respect to either speed or storage
requirements; and sometimes requires certain nonsingularities
which may not be guaranteed a priori.M

This Note is concerned with the inversion of a certain class
of complex matrices which frequently arise in practice,
namely, nonsingular matrices for which each column (or row)
is either real or the complex conjugate of another column (or
row). Probably the most common application is in the
diagonalization of a real matrix A by a similarity trans-
formation T~1AT where T is the modal matrix constructed
from the right eigenvectors of A. The inverse of T is the
transpose of the matrix of left eigenvectors of A, so the
similarity transformation also provides the left eigenvectors
as a byproduct.
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